CLASSIFIYNG METRICALLY CONICAL RATIONAL 
SINGULARITIES 



HELGE M0LLER PEDERSEN 



Abstract. In this paper we determine a complete list of rational surface 
singularities which have metrically conical bilipschitz type of its inner metric. 
We achieve this by using the thick-thin decomposition of Birbrair, Neumann 
and Pichon. 



1. Introduction 

If {X, p) is an isolated complex surface singularity, then a choice of embedding of 
{X,p) into ((D^, 0) determines a metric on X called the inner metric. We define the 
distance between two points to be the infimum of the length of arcs in X between 
them, where we measure the arclength in the standard hcrmitian structure on (D^. 
It turns out that the bilipschitz equivalence class of the inner metric, does not 
depend of the embedding, and hence is an intrinsic property of the singularity. 

It is well known that the topology of a germ complex singularity is determined by 
its link, i.e. the homeomorphism type of Af ~ X f) S^^^ for small enough e, where 
S^~'^ is the sphere centered at the origin of radius e. Namely a neighborhood of 
p € X is homeomorphic to the cone over the link. This is usually referred to as the 
singularity is topological conical see for example |Mil68) . An interesting question is 
now, when is a neighborhood oi p Cz X equipped with the inner metric bilipschitz 
equivalent to a standard metric cone? In [BF08j Birbrair and Fernandes gave the 
first examples, were this is not the case, and in |BFN08[ IBFN09i IBFN10| Birbrair, 
Fernandes and Neumann show that in the general case {X,p) is not metrically 
conical. They also give an example in [BFNIOJ of singularities with the same 
topology having different bilipschitz geometries. Hence the bilipschitz type of {X,p) 
is not in general determined by the topology of (X, p) . 

In [BNPllJ Birbrair, Neumann and Pichon defines what they call a thick-thin 
decomposition of {X,p), which is invariant under bilipschitz semi-algebraic home- 
omorphisms. {X,p) is then metrically conical if and only if it consists of one thick 
piece and no thin pieces. A consequence of this is, that the link of a metrically con- 
ical {X, p) has to be Seifert fibered. The way they get the thick-thin decomposition 
of {X, p) is by studying a general linear function on {X, p) under a good resolution 
of {X,p) which resolves a generic pencil of hyperplane sections. The thick pieces 
then correspond to the intersections of the strict transform of the general liner 
function, and they assume that the resolution is minimal with the extra condition 
that no thick pieces are adjacent. 

In this article we are going to use the thin-thick decomposition to determine 
which rational singularities are metrically conical. Remember that a singularity is 
rational if its geometric genus is 0. This is an analytic property, but Artin showed 
in |Art66| that wether a singularity is rational or not is completely determined by 
the topology of {X, 0). 
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Even more the strict transform of a general linear function is also determined by 
the topology, since the maximal ideal cycle is equal to the minimal cycle. Hence 
we can determine which rational singularities that are metrically conical from the 
topology. 

We will define a family of weighted starshaped graphs Gn,k,i depending on the 
integers n, k, I with n > 1, fc > and I > 1 and if fc = then n > I. Each Gn.k,i is 
the plumbing diagram for a rational homology sphere Seifert fibered manifold, and 
we will prove the following result: 

Theorem 1.1. {X,p) is a rational singularity with metrically conical bilipschitz 
geometry if and only if Gn,k,i is a dual resolution graph for a resolution of {X,p) 
for some n,k,l. 

The family includes some well known graph, for example G2,o,i is and Gi,!,! 
is D4. It is already known that these two are metrically conical. 

In Section [2] we describe the thick-thin decomposition of rational singularities. 
In Section [3] we will determine some relations on the multiplicities of the maximal 
ideal cycle of a metrically conical singularity. In Section |4] we will define the family 
Gn,k,h and show that if {X,p) has dual resolution graph Gn.k.i, then {X,p) is a 
metrically conical rational singularity. Finally in section [S] we will show that these 
are the only singularities which are both rational and metrically conical. 

2. ThICK-THIN DECOMPOSITION OF RATIONAL SINGULARITIES 

There exist a decomposition of {X,p) into thick and thin parts, the former essen- 
tial metrically conical, and the later shrinking faster than linear while approaching 
the origin. Such a decomposition is essentially unique (for details see |BNP11| ). To 
describe the thick-thin decomposition. We consider a good resolution tt: X X, 
i.e. the exceptional divisor consists of smooth curves intersecting transversely at 
most two at a time, with the following properties: 

(1) It resolves a generic pencil of hyperplane sections, i.e. the strict transforms 
of generic members are disjoint. A curve of the exceptional divisor meeting 
the strict transform is called a C- curve. 

(2) All >C-curves are disjoint. 

(3) TT is minimal with respect to the above conditions. 

Such a resolution can always be achieved from a minimal good resolution by blowing 
up a finite number of points. In the case of rational singularities we will later see 
that no blow ups are needed to resolve the generic pencil of hyperplane sections. 

Let r(X) be the dual resolution graph of the resolution. A bamboo is a string 
of vertices of valence 2 ending in a vertex of valence 1. A £-node is a vertex 
corresponding to a >C-curve. Remove all >C-nodes and edges attached to a >C-node 
from T{X), then the remaining components are called the Tjurina components. For 
each vertex v of T{X) let Ey be the corresponding curve of the exceptional divisor 
E. Let N{Ey) be a small closed tubular neighborhood of £"„. For any subgraph F' 
of T{X) let: 

iV(F') := y N{E,) and AA(F') := N{T) - \J N{E,) 

Let be the ball of radius e in (D^ centered at the origin. 

Assume e is sufficiently small such that Tr^^{X D B^) C N{T). For each Tjurina 
component F^ i = 1, . . . , r not a bamboo define 



Z, :=7r(A/-(F,))nB,. 
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Let Ui,...,Us be the closures of the connected components of TT ^(Bg) — lJ^7V(ri) 
and denote 



Notice that Yi is Tr{N{Ty)) where Ty is a >C-node and attached bamboos. 

Theorem 2.1 ( |BNPll| ). The minimal thick-thin decomposition of {X,p) is as 
follows: 



Where each Zi are thin and each Yj are the thick. 

No thick pieces can be adjacent by assumption ^ on out resolution, so if there 
are more than one thick piece then there will also be at least on thin piece. Using 
the thick-thin decomposition one gets the following description of metrically conical 
singularities which is Corollary 7.11 of [BNPllj . By a node we mean a vertex of 
valence greater than 2 or an C-node. 

Proposition 2.2. {X,p) is metrically conical if and only if there is no thin pieces. 
Alternatively, there is only one node in T and it is the unique C-node. 

This implies that the link is Seifert fibered, and the graph is starshaped. 

If /: (^,0) — >■ ((C,0) is an analytic function, we get a principal divisor on X 
by considering / o tt, and a decomposition (/ o tt) = (/)r + St(/) where (/)r is 
the part supported on the exceptional divisor, and St(/) is the part supported on 
strict transform. The set Zan = {(/)r|/ G "^x,o} is ordered and has a unique 
minimal element Z^ax called the maximal ideal cycle. Since {f o tt) ■ Ei =0 for 
all Ei curves of the exceptional divisor, (/)r ■ Ei < for all i, hence if we define 
2top = {Z effective cycle \Z ■ Ei < Vi} it is clear that Zan ^ 2top. Now Ztop 
is also a ordered set with a unique minimal element Zmm called the minimal or 
fundamental cycle, and it is clear that Zmin is a topological candidate for Zmax-, 
for more details see for example [ Nem99| . For rational singularities we have the 
following from [Art66j: 

Theorem 2.3. If X is a rational singularity, then Zan = Ztop, and hence for 
rational singularities Zmax = Zmin- 

What is important for the thick-thin decomposition is that Z^ax = {lgen)r for 
a generic linear function Igen- {X,0) — > ((D,0). This means we can determine 
the the thick-thin decomposition of a rational singularity from Zmin, provided the 
resolution resolves a generic pencil of hyperplane sections. For this we have the 
following: 

Proposition 2.4. Let X X be a resolution of a rational singularity {X,p). 
Then tt resolves a generic pencil of hyperplane sections of {X,p). 

Proof. We will follow the spirit of Nemethi's proof of Theorem 12.31 in |Nem99| . By 
a cut associated to a curve Ei of the exceptional divisor, we mean a non compact 
divisor Ci of X such that Ci ■ Ei — 1 and Ci ■ Ej ~ Q for j ^ i. 

Given ai,bi g Ei such that ai,bi ^ Ej for j ^ i and Oi ^ bi, we choose cuts 
Cf', Cf' such that CfTlK, = {a,} and C-'DEi = {hi} for all i. Let nii = Z„,,n-Ei < 
0, and define the divisors Da — Zmin + ^^^^ — Zmin + . 

Using the argument from Nemethi's proof of Theorem l2.3[ there exist holomorphic 
functions fa and such that [fa o tt) — Da and (/t o tt) — D^. Hence St(/a) = 
St(/h) = ■ Since Zmm = Zmax it foUows that fa and 



Y,- -.^TTiU,). 



r 



s 



(1) 
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fb general linear functions, and fa + Xfb for A £ (DP^ defines a generic pencil of 
hyperplane sections, which is resolved by tt. □ 

Corollary 2.5. If {X,p) is a rational singularity, then the thick-thin decomposition 
is determined by Zmin- 

To find Zfnin we are going to use the following algorithm due to Laufer's: 

Algorithm 2.6. Let {X.p) be a normal surface singularity, and let E — ^Ei be 

the exceptional divisor of a resolution of {X.p). 

(1) First let Zi = E. 

(2) If there exist a Ei such that Zi ■ Ei > then let Zi^i = Zi + Ei. 

(3) If Zi ■ Ei < for all i, then the algorithm stops and Zmin ~ Zi 

Laufer proved in |Lau72| that the algorithm terminates and that it gives Zmin- 

3. MULTIPLICITIES OF Z„iax SUPPORTING A METRICALLY CONICAL SINGULARITY 

Let {X,p) be a normal surface singularity. In this section we assume that the 
minimal resolution graph of {X,p) is starshaped as on Figure 1. 



e2fc2 




Figure 1. 



Let tt: X X he the minimal good resolution and 7r^^(0) = EU [jEij, where 
E is the central curve and Eij is the j'th curve on the i'th bamboo. In particular 
E'^ = —a and Ef^ = ^^ij- Denote by [ai; 02; . . . ; a;] the continued fraction 

(2) ai ^ 



1 

0,2 



03- ... 

We define the integers pi, qi, pij and where i — 1,2, ... ,n and j ~ 1,2, ... ,ki 
as pi/qi = [eii,ei2, CifcJ and Pij/qij = [e^ , e^Q+i), . . . , e^fej, notice pi = pn and 
Qi = qn- 

Lemma 3.1. Let Z = mE + ^ij^ij G 2^top- Then Z ■ Eij = for all 

i,j if and only if m = niikiPi for all i and ruij = rnikiPi(j+i) for all i,j. 

Proof. Z ■ Eij — for all i,j ii and only if the multiplicities satisfy the following 
set of equations: 

(3) rnijCij = m^j-i) + mi^j+i) for 1 < j < fe; - 1 

(4) mik^e^ki = m^ki-i) 

(5) Tijigji = m + mi2. 
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We want to see that rriij — rriikiPiij+i) if and only if these equations are satisfied. 
We do this by induction in j starting with j = fcj — 1 . Using ^ , we get 

(6) = mikiCiki = TOifc, [e^fej = m^kiPiki- 
Assume that mnj^i'^ = 'mikiPi{j+2) ■ Then from ([3]) we get that 

(7) ruij = ™i(i+i)ei(j+i) - nT-i(j+2) = ™ifc.PiO+2)ei(j+i) - m^kiPiij+s)- 
But 

l»j [e,(j+i);e,(j+2); ■ • ■ ; e^fej - eiQ+i) - -r ; — — T - e^o+i) - , 

[ei(j+2), ■ ■ ■ ,eiki\ PiU+'i) 

and gi(j+2) = Pi(j+3) , hence 

■ 1 P'(j+2)e»(3+i) -P»(3+3) 
(.yj , , . . . , Cik, \ = . 

Pi{j+2) 

Combining equation ([7]) and ^ gives that mij = rnikiPi{j+i) ■ If we consider m as 
mio we also get that m = rriik^Pi. The other direction follows from multiplying ^ 
by rriiki ■ ^ 

Proposition 3.2. // Z^ax — Zmin o,nd {X,p) is metrically conical, then m = 
lcmi(pi). 

Proof. If {X,p) is metrically conical, then Zmax • Eij — for all Since from 
Lemma 13.11 m — rriik^Pi for all z, then there exist an I such that m — llcmpi. 
Assume that I ^ I. It follows that I \ rriik^ for all i since mife. — m/pi — llcmpi/pi, 
and since uiik^ \ rriij for all i, j we have that / | m.y for all i,j. We can then define a 
divisor Z = {m/l)E + J2"=i Yl'jLii'mtj / 1) Eij . Since Z = jZ™„ it implies Z £ Ztop- 
But Z < Zmin, hence we get a contradiction. □ 

4. The resolution graphs Gn,k,i 

Let start by defining a family of weighted graphs Gn,k,i depending on integers 
n > \, k > Q and I > 1. Gn.k.i is starshaped, with its central node having weight 
— {n +1). It has n + 2 bamboos as follows: 

• n bamboos Fi, . . . , r„ of lengths Ik where all vertices have weight —2. 

• One bamboo Ta of length k, where all but the last vertex have weight —2, 
and the last vertex i.e. the vertex of valence one has weight — (/ + 1). 

• And one bamboo of length I where every vertex has weight —2 except 
the vertex adjacent to the node which has weight — (fc + 1). 

The graph Gn,k,i is represented on Figure 2. 




Figure 2. 
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When A: / it is not hard to see that the intersection matrix associated with Gn,k,i 
is negative definite, and that the graph is reduced and hence define a Seifert fibered 
manifold, which is a singularity link. If fc = then the graph is not reduced, it is 
the following graph: 



By blowing down —1 vertices we get the reduce graph, which then consist of only 
one vertex with weight I — {n+ 1). So Gn.o,i has negative definite intersection form 
if and only if ^ < n. Since the case n — I is a smooth point, we will in the sequel, 
restrict to case I < n. 

Note that the same graphs could correspond to different triples {n;k;l). For 
example, have Gn,k,i — Gn,i.k- Notice also that while G„,o,/ and Gn-i+i,o.i are 
not equal as graphs their reduced graph are the same, and hence define the same 
Seifert fibered manifold. 

Proposition 4.1. Let {X,p) be a normal surface singularity with a resolution which 
have dual resolution graph Gn.k,i for some n, fc, I, then {X,p) is a metrically conical 
rational surface singularity 

Proof. In proving the theorem. We are going to use the following criterion for being 
rational by Laufer: 

Theorem 4.2 ( [Lau72] 4.2). Let (X^p) be a normal surface singularity and let 
El, ... , En be the irreducible components of the exceptional divisor for a resolution 
of {X, p) . Then {X, p) is rational if and only if, the genus of all the Ei 's is and 
at any step in Algorithm ic. 6] for finding Zmm one has that Zj ■ Ei < 1 

When we use Algorithm 12.61 on a starshaped graph E will always denote the 
central curve, notice that ii Zi ■ E < then Zi = Z^in- If this is not the case 
always continue the algorithm by adding E first, then making sure that all other 
curves intersect non positive before we add a new E if necessary. We will be 
using the following notation when going through algorithm 12. 61 Let mjj.{Z) be the 
multiplicity of the divisor Z at the curve E of the exceptional divisor. Let E be the 
central curve of a starshaped resolution graph, let Z'^ denote the divisor given by 
the algorithm after we just added a i5 to increase mE{Z[) to I, and let Zi denote 
divisor such that mE{Zi) = I and Zi ■ E < ioi E ^ E. Notice that Z'^^^ = Zi + E. 

We start with the proof of the case of fc = 0. Then as we noted before Gn^.i is 
not reduced, and the reduced graph is a single vertex with weight I ~ {n + I). A 
singularity with such a graph is rational, it follows from 14.21 since Zmin — E. It is 
also metrically conical by Proposition 12.21 

Now we assume that fc > 0. To prove that a singularity with dual resolution 
graph Gn,k,i is rational we will run through Algorithm l2.6l and see that the criterion 
of theorem 14.21 is satisfied. To do this we need to see how the multiplicities along 
the bamboo changes during the algorithm, for this we need the following results: 

Definition 4.3. We define a bamboo with r vertices to be of the type A{m, i) for 
integers TO,i > 1 and r > m. If the curves Ei, . . . , Em-i corresponding to the 
vertices ui, . . . , Wm-i have weight —2. and Em ■ ~ A{m, i) is then either: 



- 2 



-2 - 2 



- 1 - (n + 1) 



o- 



-o- — — -o- 



I - 1 



- 2 




-o- 
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where there is m vertices along the bamboo, or 

-2 -2 -2_(i + 2)-c 
o o o ^ ' — o 



771—1 

where c > 2 and there may exist or not exist curves after the rightmost dashed hne. 

Lemma 4.4. Let T be a bamboo of type A{'m, i) and assume that Ei intersects a 
curve E. Assume as we run through Algorithm \2.6] mT^(Z) continues to increase. 
Then there are two cases for the multiplicities of Zi„i and two cases for the multi- 
plicities of Zim+i- The two cases for multiplicities along T of Zim are: 
If I < i + 1 the multiplicities are 



-n -2 -2 -2-2-d 
o o o o o o • 

(Im) (;(m-l) + l) (/(r77-2) + l) {12 + 1) {I + 1) (1) 

If I — i + I the multiplicities are 



-71 -2 -2 -2-2-d 

O O O O O 

((1 + 1)771) (1(771- l) + m) (1(771- 2) + m) (72 + 4)(i + 3) (2) 

The two cases for the multiplicities along T of Zhn+i are: 
If I < i + 1 the multiplicities are 



-n -2 -2 -2-2-fi 
o o o o o o ■ 

(^171+1) (;(m-l) + l) (/(to-2) + 1) {12 + 1){1 + 1) (1) 

If I = i + I the multiplicities are 

-n -2 -2 -2-2-fi 
o o o o o o • 

((1 + 1)717 + 1) (1(771- 1) +171+ 1) (1(711- 2) + m) (i2 + 4)(i + 3) (2) 

Proof. Starting with Z!^- Ei = 1, we have to add Ei. By induction we also have to 
add the other Ej's for j < 717, but not Em, since E^ + 2E„i-i ■ E„i + • E„i+i = 
Em ■ Em~i + Em ■ ^ Ej — I — i < 0. Ncxt Z'^ ■ El — 1, so we continuo to add 
the Ej's. Except this time we do not have to add Em-i, since 2Em-i + SEm-2 ■ 
Em-i + Em ■ Em-i = 0. This process continues. So as long as 771^ < 171 we will 
increase the multiplicity of Ei . When rriE = rn then the multiplicities of Zm along 
r are as follows: 



-71 -2 -2 -2 -2 -3 -d 

O O O O O O O ) 

(m) (m) (m-1) (711 - 2) (3) (2) (1) 

where the curve with — d is the 771'th curve. Notice that Z'mJ^i ■ Ei — — 27n + to + 

1 + 711 — 1 = 0. So the the multiplicities along F will not change. 

Next ZmJ^2 ' El = — 2to + m + 2 + TO — 1 = 1 hence we need to add Ei. But now 
{Z'm+2 +Ei) ■ E2 = -2(to - 1) + to + 1 + 771 - 2 = 1 and we need to add E2. This 
continue until the TO'th curve. Now (Z'„^2+Sj=^^ — Em-{2Em-i+J2 E] = 

2 + E- J2Ei = 2 — i. So if i = 1 we have to add Em. But if i / 1 we do not. 

First assume that i = 1. Then the configuration of the multiplicities along F of 
^2m are going to be: 

-n -2 -2 -2 -2-2-d 

o o o o o o o • 

(2to) (2to-2) (2TO- 3) (2771 - 4) (6) (4) (2) 
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Now Z'2m ■ E\ ^\ hence we need to add E\. We likewise need to add £^2, but we 
need not add E's. So the multiplicities of 2'2„_|_i are 

-n -2 -2 -2 -2-2-d 

o o o o o o o • 

(2m + 1) (2to - 1) (2m - 2) (2m - 4) (6) (4) (2) 

Still ^2m+i • -El = 1- So the multiplicities of Z2m+\ is: 

-n -2 -2 -2 -2-2-d 

o o o o o o o • 

(2m + 1) (2m) (2m - 2) (2771 - 4) (6) (4) (2) 

Now assume that 7 > 1. Then we will continue to increase rriE^ until we get to 

Z2„i. Then the configuration of multiplicities along F will be: 

-n -2 -2 -2 -2-2-d 

O O O O O O O ) 

(2m) (2m -2) (2m - 3) (2m - 5) (5) (3) (1) 

again Z2m. ■ E\ = \. So we add and get that the multiplicities for ^2m+i 

-n -2 -2 -2 -2-2-d 

O O O O O O O 1 

(2m +1) (2m -1) (2m - 3) (2m - 5) (5) (3) (1) 

and now ^2m+i ' -^i =0. So we do not need to add E\. Notice that we are in 
the same situation as before we split, i.e. if we have A(m,, 2) we must now proceed 
as in the first case, otherwise we must proceed as in the second case. This clearly 
continues until we get the the situation described in the statement. □ 

Definition 4.5. We define a bamboo with r vertices to be of type B(m,c,l) for 
integers m,l > 0, c > 1 and Z < r — f , if it is of one of these forms: 



(m + 1) - c 

^ i — o 



-2 -2 -d 

— o o o 



or 



(m + 1) -' 
^ o ^ — o- 



l - 2 



-2 - 2 
-o o 



I - 1 

If we are in the second case then I > 1. 

Lemma 4.6. Let T be a bamboo of type B(m^c,l) and assume that Ei intersects 
a curve E. Assume as we run through Algorithm \2.6l that mE{Z) continues to 
increase. Then the multiplicities along T of Z^ for different values of k are the 
following: 

The multiplicities of ^i(,n+i)-i for z + 1 < c are 



-n -(777 + 1) -c -2 -2 -d 

O i— o ' o o o o ■ 

(7(m + l)-l) (^) (1) (1) (1) (1) 

The multiplicities of ^i(„i+i) for 7 + 1 < c are 

~n -(777 + 1) -c -2 -2 -d 

O O ' O o o • 

(7(m + l)-l) (7 + 1) (1) (1) (1) (1) 

The multiplicities of Zi(^m+i)-jc-i for {j — l)c — j + l<i + l<jc — j + 1 and 
j < I are 

-n -(777 + 1) -c -2 -2 -d 

O ^^-O '- O O O O J 

(z(m + l)-jc-l) (7) (j) (j) (2) (1) 
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where the multiplicities increase by one going from the right until they reach j . 

The multiplicities of ^i(m+i)-jc for (j — l)c — j + 1 < i + 1 < jc — j + 1 and 
j < I are 

-n -(rn + l) -c -2 -2 -d 

O i— O ' O O O O ; 

(i(m + l)-jc-l) (i + l) (j) (j) (2) (1) 

where the multiplicities increase by one going from the right until they reach j . 
The multiplicities o/ ^'^e 

-(77^+1) -c - 2 _ ^2 ^ 

(;(m(c mc -1)-1) (0 (/-I) (5 0) 
The multiplicities o/ Z;(m(c-i)-i) 



— n 
o — 



-(r?j+l) -c - 2 _ ^2 ^ 

(Z(m(c -1)-1)) (/(c-1)) (j) 0') (2) 0) 

We continues the proof of Proposition 14. II by noticing that Fi, . . . , r„ are all of 
type A{kl,l), Fa is of type A{k,l) and Tb is of typei3(fc, 1, Z). Denote the curve 
corresponding to the vertices along Ti by Eij j — 1, . . . ,kl starting with the one 
adjacent to E. Denote the curve corresponding to the vertices along Ta by Ej 
j = 1, . . . ,k starting with the one adjacent to E. Denote the curve corresponding 
to the vertices along Tb hy El j = 1, ... ,1 starting with the one adjacent to E. 
Now 

n n 

(10) Zi- E = E^ + E ■ E[+ E ■ Ei+^E ■ E^i = -{n+1) + 1 + 1 + ^1 = 1. 

1 = 1 4 = 1 

This means we have to add E. Now Z2-E[ — — (fc + l) + 2 — — fc + l < so we do not 
have to add E[, but unless k = 1 using lemma we get that Z2 has multiplicity 
2 everywhere except for the end curves and the E'^^s that have multiplicity 1. 

n n— 1 

(11) Z2-E = 2E^ + E-E[+E-Ei+J2E- 2^41 = -2(« + 1) + 1 + ^ 2 = 1. 

z=l i=l 

We now have to add E again, and unless A; = 2 we have to add Ei and the En's. 
This process continuous until we reach Z'f.. By that point the multiplicities along 
starts by being 1 at the end curve and continue to increase by 1 until we get 
to El which has multiplicity k, according to Lamma 14.41 Notice that so far the 
multiplicity at E is at most k, and hence Zg ■ E[ < — (fc + l) + fc — —1, hence we 
have not added anymore E['s. Now • £' = 1 so we add E to get Z'j^_^-^. Now 

(12) Z^+i • El ^ kEl + {k + l)E -Ei + ik- l)E2 ■ E2 

(13) = -2fc + fc + 1 + fc - 1 = 0. 
If / = 1 then 

(14) • El = kEf^ + (fc + 1)E ■ Ea + {k - 1)E,2 ■ E^ 

(15) =-2fc + fc + l + fc-l = 

(16) Z^+i ■E'i=E'i^ + {k + l)E-E' = -{k+l) + k + l = 

n 

(17) Zk+i ■E={k + 1)E^ + E ■ E'l+kE ■ Ei+^E ■ kE,i 



i=l 



(18) =-(fc + l)(n + l) + l + fc + ^fc 



i=l 
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Hence we have found Zmin- Notice that at each step, we have Zi-Eij < 1, Zi- E' < 1 
and Zi ■ E < 1. So the singularity is rational by Theorem 14.21 

We saw above (in equation that Z,nin'E[ =0. It is also not hard to see that 
the bamboos satisfy the equations of Proposition 13.11 Hence since Zmin = Z^ax 
and E is the only £-curve. The singularity is then metrically conical by Proposition 



If / ^ 1 then 

(19) • El = kEf, + {k + l)E ■ Ea + {k - l)Ea ■ Ea 

(20) = -2fc + A: + 1 + = 1 

(21) ■E[=E[^ + {k + l)E-E' + E'^-E[ = -{k + l) + k + 1 + 1 = 1 

n 

(22) Zk+i ■E = {k + l)E'^ + 2E ■ E[ + kE ■ El + ^E ■ kE,i 

i=l 

n 

(23) = -(fc + l)(n + l) + 2 + fc + ^(/c + l) = 1. 

Hence the algorithm continues. 

Since the is of type B{k, 2,1 — 1) the algorithm will continue until Zik+i by 
lemma But now since the F^'s are of type A{lk, 1) we get that 

n 

(24) Zik+i ■ E={lk + 1)E^ + IE- E[ + {l{k -1) + 1)E-Ei+J2E- ^^^.i 

1=1 

n 

(25) = -{Ik + l){n + 1) + / + /(fc - 1) + 1 + ^ /fc = -n. 

i=l 

So the algorithm finishes and Zi^^i = Zmin- Along the way all the intersections 
have been 1, and hence by Theorem 14.21 (X. v) is rational. It now not hard to see, 
that the multiplicities along the bamboos satisfies proposition 13. II Hence E is the 
only i2-curve and {X,p) is metrically conical. □ 

5. Classification of Metrically Conical Rational Singularities 

Theorem 5.1. Let {X,p) be a rational metrically conical singularity, then there 
exists n, k and I such that Gn k i is the dual resolution graph for some resolution 
of{X,p). 

Proof. Let F be the dual resolution graph of the minimal good resolution of (X,p). 

If F only has one vertex with weight —p, then Gp+i^o,i is F blown up at one 
point, and hence a resolution graph of {X,p). So {X,p) is rational and metrically 
conical by Proposition 14.11 

The case of F being just a single bamboo i.e. when the link is a lens space, is 
worked out in example 10.2 of [BNPllj . and non of those are metrically conical, 
unless the bamboo only has one vertex. Hence we can from now on assume that 
the link is Seifert fibered with at least 3 singular fibers. 

The way we are going to proceed is by running through Algorithm 12.61 We will 
then either get to a place where Zj ■ Ei > 2, complete the algorithm but finding a 
curve other than the central curve has Zmin ■ Ej < 0, ot if non of these two cases 
happens, show that F = Gn.k.i for some n, k and I. 

We will use the same notation as in section [3] and assume that F is the one 
in Figure 1 . We will also reuse the notation from the proof of Proposition 14.11 
about divisors. So recall that by m^{Z) we mean the multiplicity of the divisor 
Z at the curve E. That Zi is the candidate for Zmin gotten from the algorithm, 
with niE{Zi) = i and Zi ■ E = for any curve E ^ E, remember E is the curve 
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corresponding to the central vertex. That Z[ ~ Zi^ \ + E. We will run through the 
algorithm by starting with Z\. Then add E if necessary and get Z^- We will then 
not add an other E, before we have reached Z2 ■ Then continue to add E to get Z^ 
and so on. 

First if a > n then Zi, and hence at any end curve E' we will have 

Zmin ■ E' < 0, since the self intersecting number is less than —1. So non of those 
can be metrically conical. 

We can then assume that a < n. We start by running though Algorithm 12.61 
Now Zi- E = E"^ + -Li E ■ Ea = -a + n, hence if a < n - 1 then Zi ■ E > 1 and 
by Theorem 14.21 X is not rational. 

So we assume that a = n — 1. Then Zi ■ E = \ and we add E to get our next 
candidate Zj. Next we look at the intersections of with the i?,;i's. There are 
three different cases: 

(1) The i'th bamboo is just a single vertex with self intersection number —2, 
then Z'2 ■ Ea = 0. 

(2) E^^ < -2, then Z'2 ■ E^ < 0. 

(3) Ef^ = —2 and it intersects a curve different from E then • En — 1. 

Hence only in the third case do we need to add the En. So assume that En, . . . , Egi 
has intersection as in the third case, all other Eij have intersection as in the first 
or second case. Hence Z2 has multiplicity 2 at E and at En, . . . ,Esi and maybe 
further along these bamboos, and multiplicity 1 everywhere else. We get that 

n 

(26) Z2 • = 2^2 + ^ Z2 • En = -2{n - I) + 2s + n - s ^ s + 2 - n. 

1=1 

If s = n then 7L2 ■ E = 2 and {X,p) can not be rational. If s < n — 1 then the 
intersection is less than and Z2 = Zmm- But by coroUarv 13.21 this means that all 
the Pi 's associated to the bamboos has to divide 2 and hence be equal to 2 if {X, p) 
is metrically conical. If this is the case then F = G„_2,i.i- 
So we can assume that F is the following: 




where the vertices past the dashed line need not exist, and 6 > 2 if there is any 
vertex with weight —bi. We denote the bamboo starting with a vertex of weight —b 
by F', and denote the curve corresponding the first vertex by E' , and the following 
curves by Ei, . . . , Ei.The other n bamboo we call Fi, . . . , F„, and let En, . . . , Eik^ 
be the curves corresponding to the vertices along F^ starting with En adjacent to E. 
Notice that F^ is of type A{mi, Si) for some rm > 1 and Si > 1. Let m — mini{r7ii}. 

We will achieve the proof by treating four different cases depending on the values 
of m and 6. 

First case. Assume that 6>TO + lor5 = m+ l and Ei does not exist. We will 
continue running Algorithm 12.61 Remember that we had gotten to a point where 
»ti_e(Z2) = mEii{Z2) = 2, also along the i'th bamboo the m£:.^-(Z2) = 2 for j < m.i. 
The multiplicity of all other curves are one. We also had that Z2 ■ E = 1, hence 
we have to add E again. By using Lemma 14.41 we see that we need to tun the 
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algorithm until we reach Z^a- Now assume that m\ — m, we can always reorder the 
bamboos so this is true. Then the multiplicities along the Fi 
mEi2 i^m) = TO — 1 and so forth. Now mE^^ {Zm) = m for all i, and we have had no 
need for adding any E' . Zm ■ E — 1 so we add E again, we now may have to increase 
the multiplicities of the En for i > 1 but mEii{Zm+i) ~ m and mE'{Zm+i) — 1, 
and hence we get that 

n 

(27) ■ E < -(to + l)n + to + 1 + ^ to +1 = 0, 

1=2 

and hence Z,n+i = ^mm- 

Now if 6 > TO + 2 then Z^in ■ E' < — 5 + to + 1 + 1 = —1 and hence E' is and 
>C-curve, so {X, p) is not metrically conical. If 6 = to + 2 and Ei does not exist the 
same holds. If 6 = to + 2 and Ei exists then Zmin ■ E' = but somewhere along 
the bamboo starting at E' there is a curve Ei such that Zmin ■ Ei < 0. So we can 
assume that b = m + 1 and Ei does not exist. 

Now assume that there is a to^ > to. Then somewhere along the string of —2 on 
Ti we will have the following situation: 

- 2 - 2 - 2 

O O O J 

(to + 1)(to + 1) (to) 

and hence the central of the three curves is a £-curve. So (X, p) is not metrically 
conical. 

Finally if 7^ 1 for some i, then either Ei^i is a £-curve or there is a £-curve 
further along F^. The later case is when Ef^. = — 3. 

Now the only case left in our first case is exactly when F = Gn+i.k,i which are 
rational metrically conical by Proposition 14. II 

Second case. Assume that b < m or b — m and Ei exists. As in the first case 
we continue with Algorithm 12.61 But in this case we come to the situation where 
we have to increase niE'^Zi) before we reach Zmin- Since if Ei exist we get to 
before we reach Zmim because 6 < to + 1 means we will continue to increase the 
niEiiiZi) according to Lemma [4.41 In that case Z'f^ ■ E' = —b + b + 1 — 1 and we 
have to add E', but now 

n 

(28) Z^+i • E = -bn + 2 + ^6 = 2, 

2=1 

and hence {X,p) is not rational. The same happens if Ei does not exist at Z'^^j^^. 

Third case. Assume that b — m and Ei do not exist. For X to be metri- 
cally conical, bmE'{Zmin) = "niEiZmin) or else E' is an £-curve. Hence h divides 
niEiZmin)- Assumc that m — mi. We again run Algorithm 12.61 as in the other 
cases, and it will not stop before we reach Z26. But since rrii > m = b we get that 
Zjj+i ■ E ~ —nb + 1 + X]"=i ^ = 1, so the algorithm continues. Now Zj^^-^ ■ E' — 1 
and so we increase ruE' to 2. Since -^b+i • En = — 2to + (to + 1) + (to — 1) = we do 
not increase to^h ■ If there is an other rrii = b then Z^+i ■ E <Q and the algorithm 
stops. Since Z^j^i ■ E' = —62 + 6 + 1 < we get that E' is a £-curve, and {X,p) is 
not metrically conical. If not then we have that 

n 

(29) Zb+i ■ E = -{b+l)n + 2 + b + ^(6 + 1) = 1, 

1=2 

so the algorithm continue. 
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Now if any of the 7^ for i > I have < 26 — 1, and the algorithm will stop at 
Z,rii+i. But then Zm^+i ■ E' < and {X,p) is not metrically conical. So we can 
assume that rrii > 2b — 1 for i > 1, an thus the algorithm will run at least until 2^26- 

We now have to split into two subcases depending on wether Fi is of type A{m, 1) 
or not. 

Subcase of bamboo type A{m,l). We use the calculation of the multiplicities of 
Lemma 14.41 If one of the rrii = 26—1, the algorithm stops. But Z-zb ■ E12 = 
—2(26 — 2) + 26— 1 + 26 — 4 = —1, hence we have that E12 is and £-curve and {X, p) 
is not metrically conical. 

So we assume that rrii > 26 for all i > 1 and continue the algorithm by adding 
E. Now ^2b+i ■ ^' = ^^2 + 26 + 1 = 1 and we add E' . Using Lamma we get 
that, if rrii > 26 for all i > 1 

n 

(30) Z2b+i ■ E = -n(26 + 1) + 26 + 3 + ^(26 + 1) = 2, 

i=2 

and (X, p) is not rational according to Theorem 14.21 . If rrii = 26 for two or more 
«'s, the algorithm ends, an {X,p) is not metrically conical, since we that E' is an 
£- curve. 

Hence we can assume that 7712 = 26 and rrii > 26 for i > 2 and we get that 
Z26+1 ■ E = 1. We then add E again. Now Z^f,_^2 ' ^' = + 26 + 2 < so we 
do not need to add E' , also Z!^^_^^ ■ En = -2(26) + 26 + 2 + 26 - 2 = 0, so we do 
not need to add En, and hence the Algorithm ends. But E' is an £-curve unless 
6 = 2, so (X.p) is not metrically conical. If 6 = 2 we will study the multiplicities 
along r2 . If S2 ~ 1 then the multiplicities along r2 are the following according to 
Lemma 14.41 

-n -2 -2 -2 -2 -2 

O O O O O O I 

(26 + 2Y26+ 1) (26) (4) (3) (2) 

and one clearly sees that we have a £ at the end of r2- If S2 + 1 = 62(26) > 2 
then from Proposition 13.11 the multiplicities have to satisfy the equation 26 + 2 = 

mfc^p where p/(7 = [2; 62(26); 62(26+1)- &2(fci)]- Now p/q = [2b^i)^-(2b-^2)q' ' where 
p'/q' = [fe2(26);62(26+i).---;^'2fej. Hence 26 + 2 = (26p' - (26 - 1)<7'). Sop' = 
mTT ~^ ^26^ Since > 1 we get that p' < 2q' which contradicts that 62(26) / 2. 

Subcase of bamboo type not A{m, 1). We use the calculation of the multiplicities of 
from 14.41 and notice that mE'{Z2b) = 2 since • E' = -62 + 26 = 0. We get that 

n 

(31) Z26--B < -26n + 2 + 26- 1 + ^26= 1. 

i=2 

If the algorithm ends at this point then {X,p) will not be metrically conical, since 
we see from 14.41 that En will be a £-curve. So we can assume that > 26 — 1. 

So we continue the algorithm. But notice we are now in the same situation as 
when we split into the subcases depending on the bamboo type of Fi, except now 
it is a bamboo of type A{m, 2) that leads to first subcase. The argument above 
for the first subcese carries through also in this case, and hence {X,p) will not be 
metrically conical or not be rational. If we do not end up in the first subcase, 
then either the algorithm is going to stop before we get to Z^b and we will not 
have a metrically conical singularity, or we are back in this situation again. Since 
the bamboo type of Fi is A[m,j) for some j, when rriE — jm we will be forced 
into the first subcase, and hence {X,p) will never be a metrically conical rational 
singularity. 
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Fourth case. Assume that b = m + 1 and Ei exists. In this case as in the third 
case, the the algorithm will run until Z„j without increasing niE'- But since we 
until this point have had to increase m^.j at each step we still have to increase uie 
since ■ E = 1. After this we get that Z'^^-^ ■ E' — — (m + l)+m + l + l = l 
hence we need to add E' . If any of the other rrii is equal to m, then the algorithm 
stops, but since now Z^+i ■ E' < — (m + 1)2 + m + 1 + 2 = — m + 1 we will have 
that E' is an £-curve. 

So we can assume rrii > m for i > 1, and as in the third case we have to separate 
into different subcases, but this time we have four different cases, depending on the 
bamboo types of T' and Fi. 

Case A{m, 1) and B{m, 2, /). Assume that Fi is of bamboo type A{m, 1) and F' is 
of bamboo type B{m, 2, 1). If the algorithm stops before we reach then E' is 
an £-curve. Using the calculation of multiplicities in Lemma 14.41 and 14.61 we get, 
since Z2m ■ E12 = — 2(2m — 2) + 2to — 1 + 2m — 4 = —1, that E12 is a £-curve, if 
Z2m = Zmin- Hcncc we assumc that > 2toi for i > 1. Now we get that: 

n 

(32) Z2m+i ■ E = -n{2m + 1) + 2m + 3 + ^ m^,, (Za^+i) 

i=2 

n 

(33) =2-{n~ 1)(2to + 1) + ^ mB,i(^2m+i). 

1=2 

If rrii > 2m for i > 1 then Z2m+i ■ E = 2 contradicting that X is rational. If more 
than one of the m^ = 2rn the algorithm stops, and we have that E' is an £-curve, 
since Z2m+i • E' < — (m + 1)3 + 2rn + 1 + 3 = — m + 1. So assume that rn2 — 2m, 
then we have that Z2m+i ■ E = 1 and we add E once more. But now •Z^2m+2 ' En ^ 
-2(2m) + 2m + 2 + 2m-2 = and Z^„+2-^' < -(m + 1)3 + 2m + 2 + 3 = -m + 2, 
hence the algorithm stops. In this case E' is a £-curve unless m = 2, but in this 
case one can look at the multiplicities along F2, and this works out as in the first 
subcase of the third case. We get that there is a £-curve along F2, hence {X,p) is 
not metrically conical. 

Case A{m,l) but not B{m,2,l). Assume that Fi is of bamboo type A{m,l) and 
F' is not of bamboo type B{m, 2, 1). Again if the algorithm stops before Z2m then 
{X,p) is not metrically conical. If the algorithm stops at Z2m, then E' is a C- 
curve. Hence we can assume that m^ > 2m — 1 for i > 1. Next Z2m+i ■ E < 
— (2m + 1)2 + 2m + 2 + X]r=2(2"^ +1) = li if the algorithm stops then we have 
that Ell is a £-curve. So we can assume that m^ > 2m for i > 1. Notice that 
we are back in a situation as before we split according to the bamboo type of Fi 
and F'. But since the bamboo type of Fi is already fixed, we can only move into 
the cases A{m, 1) and B{m, 3, 1) or A{m, 1) and not B{m, 3, /). If we move into the 
first the argument from that case can then be repeated and {X,p) will not be a 
metrically conical rational singularity. If we stay in this case then {X,p) is either 
not metrically conical or we end back here again. But either the algorithm ends 
which means {X,p) is not metrically conical or we are forced into the case A{m,l) 
and B(m,c,l) for some c at some point, which again will mean that {X,p) is not 
metrically conical or {X,p) is not rational. 

Case neither A{m, 1) or B{m, 2, 1). Assume that Fi is not of bamboo type A{m, 1) 
and F' is not of bamboo type B{m,2,l). As in the first case, the algorithm runs 
until .^2m- If tii^ algorithm stops there, then En a £-curve, since Z2m ■ En = 
— 2(2m — 1) + 2m + 2m — 3 = —1. Hence we can assume that we have to add E 
once more. But Z!^^^-^ ■ E' = -(m + 1)2 + 2m + 1 + 1 = and • £^11 = 

— 2(2m — 1) + 2m + 1 + 2m — 3 = and the algorithm stops. If one of F^'s do not 
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have TOi = 2m then there will be a C-cmve along it. If si 7^ 2 then there will be 
a £-curve along Fi. And last if 61 7^ 2 then either Ei or E2 is a >C-curve, this also 
implies that E2 can not exist, since then F' would be of type B{m, 2, 1). But if non 
of these things happen, then we are in the case where F ~ Gn+i.m,2- 

Case B{m,2,l) but not A{m, 1). Assume that Fi is not of bamboo type A{m, 1) 
and F' is of bamboo type B{m, 2, 1). As the other cases we run the algorithm until 
we reach Z2„^ or {X,p) will not be metrically conical. If the algorithm stops at 
Z2m, we have that En is a £-curve. Hence we can assume that, rrii > 2m — 1 for 
i > 1. We now notice that we are in the same situation before we divided into the 
4 subcases. First if Fi is of bamboo type A{in, 2) or not, second if F' is of bamboo 
type B{m, 2, 2) or not. If we have bamboo type A{m, 2) and not B{m, 2, 2), then we 
are in a situation as the first subcase, and a similar argument as there shows that 
{X,p) is not rational or not metrically conical. Likewise if we have bamboo type 
A[m,2) and i?(m, 2,2), then we are in a similar situation as the second subcase, 
and we can reuse that argument. Notice that we will here only run through this 
case once before going into a situation as in the first subcase. If we do not have 
bamboo type A(m, 2) but have bamboo type B(m, 2, 2), then we are in a case as the 
third subcase, but now the positive answer comes if si = 3, = 3m for i > 1 and 
E2 is a —2 curve and an end curve. But this is exactly the case of F = Gn-i.m,3- 
If we have neither bamboo type A(m, 2) nor bamboo type B{m,, 2, 2) then we will 
return to this subcase again. Hence we have to split up in cases and we get that 
F is either G'„_i.m,4, a singularity which is not metrically conical, or we end up 
here again. But since the algorithm has to stop, this proves the theorem. Since 
the only rational singularities we do not find to be non metrically conical, are have 

r = Gn-l,m,l- 

□ 
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